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In this paper the structure of hereditarily strong I-spaces (h&spaces, for short) is dealt with. 
The main result asserts that an hsI-space is the disjoint union of two D subspaces one of which 
is an F, the other a Gd subset. Examples are given that in many ways, this decomposition cannot 
be improved. Then we investigate the question when an hs I-space is a o-space. It is shown that 
a GO-space (or a first countable compactum) is metrizable iff it is an hsI-space, thereby proving 
a conjecture of J. van Wouwe. r-spaces are characterized as being identical with perfect hsI- 
spaces. The question whether a Lindelijf, first countable hsI-space is a g-space is shown to be 
independent of set theory. A characterization of hsZ- spaces with no compact subsets of cardinality 
>2” is given. 
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Introduction 
The underlying theme of this paper is a study of the structure of those spaces 
which are strong x-spaces hereditarily (abbreviated as hst;-spaces). Our motivations 
for such a study were the following: 
1) The extensive research concerning the structure of hereditarily paracompact, 
hereditarily p-spaces (called F,,p-spaces), crowned by Pytkeev’s complete charac- 
terization of these spaces in general ([18]). The heart of this characterization is that 
if X is an F,,-space, then X’ (the set of non-isolated points of X) is metrizable. 
In the third section of this paper we shall give examples (with various ‘nice’ 
additional properties) to show that an analogue of Pytkeev’s result does not hold 
for hsE-spaces. (In particular, isolated points do not play a role at all.) However, 
we were able to prove a decomposition theorem (Theorem 2.9) asserting that every 
hsZ-space is the disjoint union of two cr subspaces, one of which is an F, (and thus, 
the other a G,) in X. 
2) The conjecture of J. van Wouwe [20], (repeatedly mentioned by Lutzer [14]) 
that a GO-space is metrizable iff it is an hsSspace. The corresponding theorem 
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for F,,-spaces is well known (see [6]) and the case of h&spaces has been considered 
to be more complicated ([14]). 
With the help of the decomposition theorem and some known results about 
GO-spaces we shall affirmatively answer this conjecture (Theorem 4.7). Note, 
however, that the author also has a short direct proof which does not need the full 
force of the Decomposition Theorem. 
3) Finally, motivation was given by Juhasz’s generalization [lo] of a theorem of 
Arhangel’skii [2]. According to Juhisz’s theorem an hs&space is a Lindeliif u-space 
if and only if it is hereditarily Lindelof. Now we prove the ‘non-separable case’ of 
this result by proving that an hsZ-space is a a-space if and only if it is perfect. 
(Although this may well be a nice characterization of o-spaces among h&spaces. 
the author thinks, however, that most of the interesting and hard problems concern- 
ing h&spaces -such as J. van Wouue’s conjecture and Theorems 4.8 and 4.10- 
require a study of hsl-spaces that are not assumed to be perfect.) 
The content of the paper is arranged in four sections. Most of the results of the 
first section are used in later sections. However, the author thinks that Theorem 
1.9 (which concerns the seemingly unrelated topic “When metrizability-like proper- 
ties are additive?“) deserves independent mention. The second section contains a 
proof of the Decomposition Theorem, whereas examples are given in the third 
section. In the last section we characterize all hsZ-spaces with no compact subsets 
of cardinality >2”, and treat the question when an hsx-space is a u-space. 
Throughout the paper we use terminology and notation of current set-theoretic 
topology, as is used in the books [9] and [12], e.g. In particular, if A is a set then 
[Al’” ={A’c A: IA’] < K}. If X is a set, 3 is a family of subsets of X and x E X. 
YcX, then Tx={F~9:x~F}, 9/Y={Fn Y: FEN}. 
All spaces are assumed to be regular T,. If Y is a space and A c Y then cl,A 
and int,A denote closure and interior of A in Y, respectively. A and A0 are used. 
respectively, for clxA and intxA, whatever space X denotes in that context. 
The classes of spaces dealt with in our paper are long-known objects of the theory 
of generalized metrizable spaces. Their definitions can be found in the survey paper 
[7], e.g. Some of their definitions (especially if the terminology is not quite standard) 
will be given, for reader’s convenience, at the beginning of the first section. 
1. Auxiliary results 
Let X be a space. A family 9 of subsets of X is said to be a (mod k)-network 
([15]) for X, if for every x E X, there is a compact subset C, of X containing x such 
that for every open subset Lr 1 C, of X, there is an FE 9 with C, c F c U. Let us 
say that a (mod k)-network 9 of X is regular if the following three conditions hold: 
(1) 9 consists of closed subsets of X; 
(2) 9 is closed under finite intersections; 
(3) C, = f-l sx for every x E X 
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In case of a regular (mod k)-network 9, we shall mostly write C(x, 9) instead 
of n 9-r to emphasize the compactness of n 9.V 
A space with a o-locally finite (mod k)-network is called a strong -Z-space. (See 
[ 151.) The concept of a strong Z-space, in a slightly different formulation, is due to 
Nagami [17].) A space X is said to be hereditarily strong 1, if every subspace of X 
is a strong x-space. Note that we shall briefly write ‘SF and ‘hs2’ for ‘strong 2” 
and ‘hereditarily strong E’, respectively. A family ,I’ of subsets of a space X is said 
to be a network, if every open subset of X is the union of some members of ,V. 
(This differs from the definition of a base in that the members of J+” are not supposed 
to be open.) Spaces with a u-locally finite network are called a-spaces. 
The proof of the following routine proposition, part of which can be found in 
[17], is left to the reader. 
Proposition 1.1. The following conditions are equivalent for a space X: 
(a) X is an s.Z -space; 
(2) X has a u-locally finite regular (mod k)-network; 
(3) For every a-locally finite closed family 9’ in X, there is a a-locally finite regular 
(mod k)-network 9 for X such that 9’~ 9. 
Corollary 1.2. If X is an s&space with a u-locally finite T, separating closed cover, 
then X is a u-space. 
Corollary 1.3. If X is an &space and Y is an SE subspace of X, then for euery 
u-locally finite regular (mod k) -network 9’ of X, there is a u-locally finite (in Y) 
regular (mod k)-network 9 of Y such that C(x, 9) c C(x, 9’) for ecery x E Y. 
Proof. Apply Proposition 1.1 (3) with Y and 9’1 Y in place of X and 3’, respec- 
tively. 
Definition 1.4. Let X be a space, Y be a subspace of X. If A is an F, subset of X 
with A c X- Y, then we say that a closed family 9 of subsets of X is a Z(A)-cover 
of Y (in X) iff Y c U.9, q(X- A) is u-locally finite in X-A, and for every x E Y, 
n qr c Y. A x(0) -cover is said to be a Scorer. 
The next propositions and the remark following them justify the above 
terminology. 
Proposition 1.5. Let X be an s&space, Y be a subspace of X. Then the following 
two conditions are equivalent: 
(a) Y is an SE’-space; 
(b) There is an F, subset A of X with A c X - Y and a closed family 9 of subsets 
of X such that 9 is a E(A) -cover of Y. 
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Proof. (a)+(b). Let 8’ = IJ,,,, 97, be a regular (mod k) -network in Y such that 9: 
is locally finite in Y for each n E w. For every n E o, let +I,, be a cover of Y by open 
subsets of X such that each GE 93” intersects only finitely many members of 3;. 
Let A=U,E, (X - IJ %,,) and 9 = {F: F E 9’). Clearly, 9 is a closed family in X, 
Y c IJ 9 and Sl(X - A) is u-locally finite in X-A. Now let x E Y and x’ E X - Y 
be arbitrary. Since x’@ C (x, 6’), there is an open subset U 2 C(x, 9’) of X with 
x’ JE’ 0. By the definition of a regular (mod k)-network there is an FE (9’), with 
F c L! Then FE 9x is such that x’& I? Since x E Y and x’ E X- Y were arbitrary, 
this means that n 9X t Y for every x E Y. 
(b)+(a). Let AC X- Y be an F, subset of X such that Y has a E(A)-cover 
9;’ in X. We may assume that 9’ is closed under finite intersections. Further, let 
9” be a a-locally finite regular (mod k)-network for X. Then define 
9={F’n F”n Y: F’E 9’, F”E 3”). 
9 is clearly a a-locally finite closed cover in Y. Moreover, for every XE Y, 
c(x, 9) =n (9’1, n C(x, 9”) n Y =n (F), n C(x, 9”), being a closed subset of 
C(x, P”), is compact. Now, let U be any open subset of X with U 3 C(x, 9). Then, 
byn (9’),n (C(x, P’)- U) =0 the family{F’n(C(x, 9”)- U): F’E (%‘),}cannot 
be centered. Since (sl), is closed under finite intersections, this means that there 
is an F’ E (9’), with F’ n (C(x, 9”) - U) = 0. Then (F’ - U) n C(x, 9”) = 0. Since 
9’ is a regular (mod k)-network for X, there is an F”E (S,,), such that C(x, 9”) c 
F”cX-(F’-Lr).ThenF=F’nF”nYE~~andC(x,9)cFcUnY.Thus9is 
a (mod k)-network for Y. q.e.d. 
Proposition 1.6. Suppose that X is a space, and Y is an SE subspace of X such that 
every closed subset A of X with A c X - Y is a G6 in X. Then there is a Scooer of 
Y in X. 
Proof. Let 9’ = IJ ,,.,9; be a regular (mod k)-network of Y such that each 37, 
is locally finite in Y. Since every point of Y contains an open in X neighbourhood 
which meets only finitely many members of 9:. for every n E w there is a closed 
subset A,, of X such that A,, c X- Y and 9; is locally finite in X-A,. By the 
conditions of our proposition, for every n E w, X-A,, = lJk,, Z,, in such a way 
that each Z,, is a closed subset of X Let 
9”,, ={FnZnk: FE Pn}. 
Then S=LJ n,kew9”k is a a-locally finite closed family in X and U 92 Y. To 
prove that 9 is a E-cover, let x E Y, y E X- Y be arbitrary, and let U be an open 
subset of X with C(x, 9’) c U, y & fi Then there is an FE 9’ with C(x, 9’) c F c U. 
Let n, kcw be such that FEDS. XEZ,,~. Then xEFnZ,,kE9,,,, and yEfnZ,,k 
Since x E Y and y E X - Y were chosen arbitrarily, this shows that n 9x c Y for 
every x E Y. 
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Remark. Let us say that a subspace Y of a topological space X is &-embedded in 
X iff there is an F,, subset A of X with A c X- Y such that Y has a E(A)-cover 
in X. If A can be chosen to be the empty set, then we say that Y is s-embedded 
in X. Now, by repeating the argumentation of Proposition 1.5, it can easily be shown 
that the following are equivalent for a completely regular Ti space X: 
(1) X is an s-&space; 
(2) X is &-embedded in every compact space containing it; 
(3) There is a compact space CX containing X such that X is &embedded in cX. 
Further, for every s&space X there is a Leech-complete space X such that X is 
E-embedded in X. 
Concerning the question when an SE-space is a w-space we shall often quote the 
following result of Burke and Michael [8]: 
Theorem 1.7. (Burke and Michael [8]) An G-space X is a a-space if and only if 
X has a point-countable cover 9 with the following property: 
(BM) For every pair of points x, y E X, x # y there is an d E [SICW with x E (U &)O, 
Y&U&. 
Thus in some of the proofs in our paper we shall have to produce point-countable 
covers with property (BM). To do so, we shall often quote the following technical 
lemma. 
Lemma 1.8. Let X be a space, Y be a subspace of X Suppose that 9 is a family of 
closed subsets of X such that 91 Y is u-locally finite in Y. Then there is a cover B of 
Y by subsets of X such that 9’ is u-disjoint in X, and 
(d): If x, y E Y and there is an FE 9 with x s! F, y E F, then there is an d E [PplcW 
with xE(U&)‘, ytiU&. 
Proof. Let 9’ = 9) Y. By the conditions of our lemma, 9’ = U,,,SA in such a way 
that each 9; is locally finite in Y. For every n E w, let U,, 1 Y be an open subset 
of X such that Sk is locally finite in U,. (Such an open subset U, exists, because 
every point of Y has a neighbourhood in X which intersects only finitely many 
members of 9L.) Let 9,” = 9; u { U,,}( n E w). For every 24 E [El’” let us define 
n 93-U (9:--a), 
9,(W= 0 
{ . 
if 9 #0; 
if .93 = 0. 
Now, let 9, =(9,,(a): $24 E [SQ’“}, (n E w), and let 9’ = l-l,,, 9,. By the defini- 
tion of the operation g,,(a), 9, is a disjoint family for every n E w, so 9’ is indeed 
u-disjoint. (More than that, let us remark that if one takes the equivalence relation 
“x - y iff (9:), = (Sz),” on the set l_l .9X, then the family of all equivalence classes 
of this relation will coincide with 8, -{0}. However, we will not need this in our 
proof.) 
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To prove that 9 also satisfies property (A), let x, y E Y be such that there is an 
FoE~withx~Fo,yEF,.LetFb=F,nYE~,andletnEwbesuchthatFbE~~. 
Choose ~4 = {P,(a): $24 c (E),}. Then clearly, d E [PI’“. Further, as is straight- 
forward to verify, 
(*) u d=U Z--u(s:-(E),). 
Since y E FL E 9: - (9:),, (*) implies y & lJ Sp. On the other hand, making use of 
(*) again,lJdx U,,-lJ{F: FE~Z-(~Z),}= 12 Since E-(E)xc S,,,lJS:,c 
CJ,, and SL is locally finite in CJ,, it follows that U is an open subset of U,,, and 
thus, of X. Further, since Sk is closed and locally finite in Y, and x E Y, it follows 
that x E U. Thus x E (lJ &pp)‘. q.e.d. 
Remark. In the proof the above lemma we were using the technique of proof of 
the ‘only if’ part of Burke-Michael’s Theorem 1.7. If X is hereditarily submetacom- 
pact, however, the author has another technique which improves ‘1;4 E[PI’” ’ to 
‘22 E [??lS2’ in Lemma 1.8. Since u-spaces (or hs.5spaces) are hereditarily submeta- 
compact, this means that every a-space has a point-countable (moreover, a-disjoint) 
cover B such that P satisfies property (BM) with ‘& E [PIG*’ in place of ‘&E [SlcU’. 
This improves the ‘only if’ part of Burke-Michael’s theorem. 
Metrizability-like properties rarely are finitely or countably additive. (Some fairly 
up-to-date references are [3] and [19].) The following result seems to be of interest 
on its own. 
Theorem 1.9. Suppose that X is an s-Z-space such that X is the union of a non- 
decreasing sequence {X,: n E w} of u subspaces. Then X is a u-space. 
Proof. For every n E w, let 5,, be a a-locally finite closed network for X,, and let 
9, be a point-countable family of subsets of X such that; 
x, y E X,, x # y implies that there is an d E [S,]‘” with x E (lJ zZ)‘, y ti lJ SJ. 
(The existence of such collections follows from Lemma 1.8 applied to X, and 
{F: FE 9”) in place of Y and 9, respectively.) 
Then S=lJ,,, 9, satisfies condition (BM) so X is a u-space by Theorem 1.7. 
The assertion of Theorem 1.9 seems to be new even if X is compact, and the 
XLs are metrizable. However, if the XLs are metrizable, then the conclusion of 
Theorem 1.8 can also be deduced from a result of Michael and Rudin [16]. 
Corollary 1.10. Suppose that X is a compact space such that X is the union of a 
non-decreasing sequence {X,,: n E w} of CT subspaces (in particular, of metrizabie or 
developable etc. subspaces). Then X is metrizable. 
Finally, we shall make use of the following known results. 
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Theorem 1.11. (Arhangel’skii [ 11). Every first countable compact space has curdinul- 
ity s2”. 
Lemma 1.12. (Bernstein, see [13], p. 524). ffX is a non-void set with IX]== 2”, and 
9 is a family of ~2” subsets of X, then X = X, v X, in such a way that neither XI 
nor X2 contains an L E 9 with (L( = 2”. 
Lemma 1.13. ([5]). If X 
Remark. In [5], this was proved for X first countable, but the same proof works 
if (L(X) = o (i.e., if every point of X is a Gs in X), since the pseudocharacter and 
the character of a compact space coincide. 
Fact 1.14. If X is a set of curdinulity 62”, then there is a family {H,,: n E w} of 
subsets of X such that x, y E X, x # y implies that there is an n E w with x E H,, y .& H,,. 
The following simple proposition easily follows from the definition of an sI-space 
or Proposition 1.5. 
Proposition 1.15. Suppose that X is an s&space, and Y is a subspace of X. Then 
Y is an s&space in any of the following cases: 
(1) YisanF,inX; 
(2) Y is the intersection of countably many sZ-subspaces of X; 
(3) Y is a G6 in X, and Y is subparucompuct. 
2. The Decomposition Theorem for hsI;-spaces 
Definition 2.1. We shall say that a subspace Y of a space X is a pre-u subspace 
(of X) if there is a point-countable family 9 of subsets of X such that 
(*) for every x E Y and y E X there is an A E [S]‘” with x E (U Sp)“, y E USZ. 
By Theorem 1.7 (of Burke and Michael) we can state 
Proposition 2.2. Every pre-a subspuce of an h&space is a u subspace. 
However, pre-a subspaces have the following basic property not shared by u 
subspaces even in hsZ:-spaces (cf. any of the examples in the third section). 
Observation 2.3. The union of countubly many pre-a subspaces of a space X is again 
a pre-a subspuce. 
Lemma 2.4. Let X be an hs.Z-space such that each compact subset of X has curdinulity 
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~2”. Further, let Y c X be any subspace of X. Then there is an F, subset A of X 
such that A c Y and Y-A is a pre-a subspace of X. 
Proof. Let 9 be a cT-locally finite regular (mod k)-network for X, and let us define 
the following equivalence relation - on X: 
x - y iff there is a finite sequence x0, x,, . . . , x, E X such that XE C(x,, 9), 
y~C(x,,s) and C(Xi,9)nC(xi+r,3)#0 for i=O, l,..., n-l. 
For x E X, let [x] denote the equivalence class of x. Further, let %: denote the set 
of all equivalence classes. Since 9 is a point-countable cover of X, no point of X 
is contained in more than 2” members of {C(x, 9): x E X} = {n sx: x E X}. Since 
each compact subset of X has cardinality ~2”, an easy induction argument shows 
that ]E] s 2” for every E E 8. 
Thus by Fact 1.4, for every E E 8, there is a countable family {H,(E): n E w} of 
subsets of E such that for every pair of distinct points x, y of E, there is an n E w 
with XE H,,(E), yg H,,(E). Let us put, for every n E w, 
H,,=lJ{H,(E): EE 8) and Z,,=H,u(X- Y). 
By Proposition 1.5, for every n E w, there is an F, subset A, of X with A,, = Y - 
l-Z,, and a family 9” of closed subsets of X such that 9,, is a x(A,,)-cover of Z,,. 
Let us put A = U,,,, A,, and 9’= 9uUnEw 9,. Then .71(X-A) is cr-locally finite 
in X-A, so we can apply Lemma 1.8 to get a point-countable (in X) cover 9” of 
X-A by subsets of X such that 
(A) for every x, y E X-A, if there is an FE 9’ with x g F, y E F, then there is an 
sp E [ .‘I<, with XE(~&)‘, yaU&. 
Finally, let A =lJkew Sk in such a way that each Sk is closed in X, and let 
9 = 9” u {X - Sk: k E w}. Then we shall show that 9 witnesses that Y-A is a pre-a 
subspace. 
To prove this, let x E Y-A and y E X arbitrary. We shall consider three cases. 
Case 1. y E A. Then y E S, for some k E w, so r;Q = {X - S,} will be as required. 
Case 2. ycX-A and x~[y]=E. Then let new be such that YE&(E), 
xtiH,(E). Then n(sl),cn(9,,),cZ,, and XEH,(E) implies x&Z,, so there 
is an FE 9’ with xe F, ye F. Therefore we can apply (A). 
Case 3. ycX-A and xa[y]=E. Then n(sl),cn9,,c[y]dx. Thus there is 
an FE 9’ with y E F, x E F, and again, we can apply (A). 
Lemma 2.5. LetX be an hsZ’-space such that each compact subset of X has cardinality 
~2~. Then X is the union of two u subspaces. 
Proof. Let 9 be a a-locally finite regular (mod k)-network for X, and let - be 
the equivalence relation defined at the beginning of the proof of Lemma 2.4. Further, 
as in the proof of Lemma 2.4, let us fix, for each member E of the family 8 of all 
equivalence classes of -, a countable family {Y,(E): n E w} such that for every pair 
x, y of distinct points of E, there is an n E w with x E Y,(E), y & Y,,(E). For every 
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n E w, let Y,, = U { Y,,(E): E E %}. By Lemma 2.4, for each n E w, there is an F, 
subset A, of X such that A, c Y, and Y,, -A, is a pre-a subspace. Let Xi = 
U,,, ( Y, -A,) and X2 = X-X,. We are going to conclude the proof by showing 
that X, and Xz are u subspaces. 
This is clear if X1 is considered, since X, = lJ,,, ( Y, -A,) is a countable union 
of pre-a subspaces. 
To show that X, also is a u-space, let, for every n E w, A, =UkGw Ank in such 
a way that each A,,, is closed in X. Then let 9’ = 9u {A,I,: n, k E w}. By Corollary 
1.2 it is enough to see that 9’ Ti separates the points of X,, i.e., for every x, y E X2, 
x # y we have y g n (9’),. We shall consider two cases: 
Case 1. yg[x]. Then A (9’),c C(x, S)c[x]tly. 
Case2. y~[x]=E.Thenthereisann~wwithx~Y,(E),y~Y~(E).Therefore 
x E Y, and ye Y,. By the definition of X, it follows that x E A,, and y +? A,. Thus 
there is a k E w with x E Ank E 9’ and yf! Ank. q.e.d. 
Proposition 2.6. If X is a space, and Y c X is such that X- Y is an ST subspace, 
then there is an F, subset A of X such that A c Y, and $( y, {y} u (X - Y 1) = w for 
every yE Y-A. 
Proof. By Proposition 1.5, there is an F, subset A of X such that A c Y and X- Y 
has a Z(A)-cover 9’ in X. We claim that this A will be as stated in our proposition. 
Indeed, let 91(X-A) =U,,,, 9,, in such a way that each 9,, is locally finite in 
X-A,andlet ye Y-A bearbitrary.ThenthesetsF,=l_J{FE5,,:yiZF}(nEw) 
are closed in X-A. Since 9 is a Z(A) -cover of X - Y, it follows that lJ,,, F, 3 X - 
Y, and so {~}=n,~, ({y}u(X- Y)-F,) is indeed a G6 point of {y}u(X- Y). 
For any space X, let X”’ = {x E X: x is not a G, point in X}. 
Proposition 2.7. If X is an h&space, and Cc X”* is a compact subspace, then C 
is hereditarily Lindeliif. 
Proof. Suppose indirectly that there is a right separated subspace Y = {y*: a E w,} 
in C Then, by Proposition 2.6, there is an F, subset A of X with A c Y such that 
+(y, {y} u (X - Y)) = w for every y E Y-A. Since A c C, A is a-compact. Since 
A c Y, and Y is right-separated in type wi, this means that IA( s w. Thus there is 
a point y E Y-A. For this y, we have +(y, Y) = w (since Y is locally countable) 
and $( Y, {y}u (X- Y)) = w. Thus $(y, X) = w, in contradiction with y E X”‘. 
The following lemma shows that the set of not GG-points is small in an h&space 
X. In fact, X”’ is consistently a-discrete (cf. the Remark following Theorem 4.5). 
Lemma 2.8. If X is an hs.Z-space, then every subset of X”” is an F, in X. 
Proof. Since by Proposition 2.7 every compact Cc X”’ is hereditarily Lindeltif, it 
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follows from Theorem 1.11, e.g., that every compact subset of Xn6 has cardinality 
s2”. 
Now let T be an arbitrary subset of X”“. By Lemma 2.4 and Proposition 2.6 
there are F, subsets A, A’ of X such that A u A’ c T and 
(a) $(y,{y}u(X-T))=w for every ye T-A; 
(b) T-A’ is a u subspace. 
We claim that T = A u A’. Indeed, if there was a point y E T-A -A’, then it 
would possess the following properties: 
(1) I+!J(Y, {y}u A u A’) = OJ since Au A’ is an F, set in X; 
(2) JI( y, T-A’) = w because T-A’ is a u subspace; 
(3) ~,(y,{y~~W-T))=~ by (4. 
Then (l), (2), (3) together would imply $(y, X) = w, in contradiction with y E X”“. 
Theorem 2.9. (Decomposition Theorem). IfX is an h&space, then X is the union 
of a pair M, W of disjoint (+ subspaces in such a way that M is an F, and W is a G, 
subset in X. 
Moreover, in this decomposition, W is a pre-a subspace of X. 
Proof. Let us show first that X is the union of countably many u subspaces. Indeed, 
by Lemma 2.8, X = Xn6 u (X-X”“) is the union of two subspaces none of which 
contains a non-G& point. Thus, by Arhangel’skii’s Theorem 1.11, Lemma 2.5 is 
applicable. (Note that Lemma 2.5 actually implies that X is the union of four u 
subspaces but that does not simplify the proof of our theorem.) So let X = l-l,,, X,, 
in such a way that each X, is a u subspace (n E w). We may assume that the XLs 
are pairwise disjoint. By Proposition 1.5, for every n E w, there is an F, subset A, 
of X such that A,, c X, and there is a E(A,)-cover 9,, of X-X, in X. Now, let 
M =U,,, A, and W=X-M. 
Then M is an F, and W is a G, subset of X Further, M is a u subspace, because 
it is the union of countably many closed u subspaces. 
To show that W is a pre-a subspace, let, for every n E w, 9: be a u-locally finite 
closed network in X,,, and let e = {F: FE Sl,}. By Lemma 1.8, for every n E w, 
there are point-countable families B, and 9’; of subsets of X such that: 
(P,) If x, y E X-A,, and there is an FE 9” with’x E F, y E F, then there is an 
d E [S,]‘” with x E (lJ Sp)‘, y r+ lJ J$ and 
(Pz) If x, y E X, and there is an FE 9: with x E F, y E F, then there is an d E [9’;]“” 
with x~(l_l~-@‘, y~l_l&. 
Finally, let M = IJ,,,, M,, in such a way that each M, is closed in X. We are 
going to show that S=IJ,,,(9,uP~)u{X-M,,: nEw} witnesses that W is a 
pre-a subspace of X 
To prove this, let x E W, y E X be arbitrary. We shall distinguish among three cases: 
Case 1. y E M. Then y E M,, for some n E w, and ilp = {X - M,} E [ PICU will be as 
required. 
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Case 2. y E W and there is an n E w with x, y E X,. Then there is an FE 9; with 
y E F, x r~ F. Thus we can apply (Pz). 
Case 3. y E W and there is an n E w with y& X,,, XE X,,. Then, since S,, is a 
Z(A,)-cover of X-X,, there is an FE 9,, with y E F and x r~ F. Thus (P,) is 
applicable. 
3. Examples 
Example 3.1. Let D be an uncountable discrete space, and let D* = D u (5) be the 
one-point compactification of D. Then D* is an hs1-space, and D* is not a a-space, 
since compact a-spaces are metrizable. 
Example 3.2. (MA+lCH). Let M be a subset of the real line such that w < lhll< 
2”, and let us consider the Alexandroff duplicate A(M) of M. Then A(M) is 
hereditarily a paracompact p-space, and thus, it is an hsx-space. A(M) is not a 
a-space, since it is not perfect. (For a detailed treatment of this esample see [5].) 
The two examples above are hereditarily paracompact, hereditarily p-spaces. 
Note that by Pytkeev’s characterization theorem of hereditarily paracompact, 
hereditarily p-spaces [18] every such space can be ‘put together’ from spaces imilar 
to the above two examples. To obtain further examples of h&spaces that are nor 
hereditarily paracompact, hereditarily p-spaces, we shall make use of the following 
Observation 3.3. If a space X is the union of countably many closed hs1 subspaces, 
then X is an hs.E-space. 
Example 3.4. Let L be an uncountable index set and consider a family {Qr: 1 E L} 
of disjoint copies of the space of the rationals. Further, let (a lJIEL Oi, and let us 
topologize the set X = (5) u lJlcL 0, by the following two conditions: 
(a) lJleL Q1 is an open subspace which is the free sum of the 0,‘s; 
(b) An open neighbourhood base for (5‘) is given by the family {X-lJIEF Qr: FE 
[Ll’“). 
It can easily be verified that (a) and (b) define a zero-dimensional TZ (and thus, 
regular T,), cT-compact opology on X. The resulting space X, being a countable 
union of one-point compactifications of discrete spaces, is an h&space. It also is 
hereditarily paracompact, since its subspaces are either a-compact or metrizable. 
It is, however, not a a-space, since 5‘ is not a Gs-point of X. 
Note that X has no isolated points. (This excludes a characterization of hsZ-spaces 
analogous to hereditarily paracompact, hereditarily p-spaces.) 
Example 3.5. (MA+ 1CH). Let M be a subset of the real line R with w < IMI < 2, 
and let us consider a collection (0,: m E M} of disjoint copies of the space of the 
210 2. Balogh / On hereditarily strong L-spaces 
rationals such that M n (lJmG,M Q,) = 0. Topologize the set X = Mu UrneM Q,,, in 
the following way: 
(a) Ume.vl Qm is an open subspace and is the free sum of the 0;s; 
(b) If XE M, then an open neighbourhood base for x consists of all sets of the 
form X(V,F)= VulJ{Q,: m E V-F}, where V c M is an open neighbourhood 
of x in the subspace topology on M induced by the topology of R, and FE [ V]<S 
Again, it is easy to verify that (a) and (b) define a zerodimensional T,, Lindelof 
topology on X. The resulting space, also denoted by X, is an hs&space since it is 
the union of countably may closed Alexandroff duplicates of M. Since X contains 
copies of A(M), it is not a a-space. However, X is first countable and has no 
isolated points. Further, as is not difficult to show, X is hereditarily paracompact. 
To conclude with note that as is shown by Theorem 4.10, MA+lCH (at least 
1CH) was needed to get a first countable LindelSf h&space which is not a a-space. 
Example 3.6. Let C = I““, where I = [0, 11, and consider a countable dense subset 
S = {s,: n E o} of C. Further, let D be a discrete space with w < IDI < 2”, and let 
D* = D u (5) be the one-point compactification of D. Since C is a universal space 
for Tychonoff spaces of weight <2”‘, and C is homogeneous, for every n E w there 
is homeomorphic image O,* = D,, u{&,} of D* in C with 5, = s,. Consider the 
subspace X = I_),,,, DE of C 
X is an h&space, since it is the union of countably many homeomorphic images 
of D*. Since IDI> w X is not a a-space. However, X is Lindelof, separable, and 
has no isolated points. More than that no point of X has a cr-space neighbourhood, 
and so X is not the union of a closed and an open CT subspace. This shows that the 
Decomposition Theorem cannot be improved to get a closed M and an open W. 
Example 3.7. (MA+lCH). Same as Example 3.6, putting A(M), w c [Ml < 2”, in 
place of D*. (Note that some extra care should be taken to make sure that the 
homeomorphic images of A(M) in C are closed in the union space X.) This example 
is an h&space which is not a v-space, but still is LindelGf, separable, has no isolated 
points. In addition, X has countable pseudocharacter. Thus, by Theorem 4.10 such 
a space cannot be constructed in ZFC. 
Remark. Looking at the examples of this section one might tempt to conjecture 
that every h&space is the union of a a-discrete space and a a-space (or is the 
union of countably many hereditarily (sub) paracompact, hereditarily p-spaces). 
None of these conjectures is true: the author can modify Example 3.2 in such a 
way that the resulting space is a hereditarily paracompact, Lindelof, first countable 
h&space which is not the union of a a-discrete space and a u-space. 
4. Characterization and metrizability of h&Z--spaces 
Proposition 4.1. Let X be an h&space, and let X = Mu W be the decomposition 
described in Theorem 2.9. Then 
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(E) For every subset Y of M, there is an F, subset T of X such that T c Y and 
W v ( Y - T) is a pre-a subspace. 
Proof. By Proposition 1.5, there is an F, subset T of X such that T c Y and X- Y 
has a _E( T)-cover 9’ in X. Further let gl, be a u-locally finite closed network for 
M By Lemma 1.8, there are point-countable families B’, 9” of subsets of X such 
that 
(A’) if x, VEX-T and there is an FEN’ with xaF, ycF, then there is some 
A E [ .‘lCU with x E (&O”, y E IJ d, and 
(A”) if x, y E M and there is an FE 9” with x E F, y E F, then there is an &E [9”‘lcU 
with xE(USB)‘, y&U&. 
It is straightforward to check that 9 = 9” u 9” witnesses that Y - T is a pre-cT 
subspace. Further, W is a pre-a subspace by the Decomposition Theorem. Thus 
WLJ( Y - T) is a pre-a subspace. 
Definition 4.2. We shall say that a hereditarily subparacompact space X is a standard 
space (for the class of hsE’-spaces) iff X is the disjoint union of two v subspaces, 
M and W, such that M is an F, and W is a G6 in X, and the following two properties 
are satisfied: 
(I:,) X has a a-locally finite regular (mod k)-network 9 such that C(x, 9) n W = 
{x} for every XE W; 
(&) For every subset Y of M such that pn W =0, there are F,, subsets T, A 
of X with Tc Y, WcAcX-(Y-T). 
Proposition 4.3. Every standard space is an hs2-space. 
Proof. Let X = M v W be a standard space and let M = IJ,,, M,, in such a way 
that each M,, is closed in X. Further, let Y be an arbitrary subset of M. We are 
going to show that Wu Y is an S-E subspace. To see this, fix an n E w arbitrarily, 
and let 2, = M,, - Y. By property (&) there are F,, subsets T,, A,, of X such that 
T,,cZ,,and WcA,cX-(Z,-T,).ByPropositionl.l5(1),A,isans~subspace 
of X. (Note that X is an s&space by (xi)). Thus the subspace X - (Z, - T,) = A,, u 
(lJkGw Mk -(Z, - T,)) is the union of countably many closed (in X-(Z,, - T,)) SE 
subspaces. Therefore X- (Z, - T,) is an SE subspace. Since n E w was arbitrary, 
by Proposition 1.15 (2) Wu YulJnEo T”=n,,, (X-(Z,-T,)) also is an SE 
subspace. Finally, W u Y is a G6 subspace of W u Y u IJ,,, T,, which by Proposi- 
tion 1.15 (3) implies that W u Y is an sx subspace. 
Now, let Z be an arbitrary subspace of X. Then, as has been proved above, 
Wu (Zn M) is an SE subspace. Let 9’ be a regular (mod k)-network for WV 
(Zn M). By Proposition 1.1 (3) we may assume 9’1 Sl( Wu (Zn M)), where 9 
is a regular (mod k)-network for X such as required in (Ei). Thus C(x, 9’) ={x} 
for every x E W, which implies that 9’)Z is a a-locally finite (mod k)-network for 
Z. Since Z was arbitrary we conclude that X is an h&space. 
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Theorem 4.4. (Characterization Theorem). Let X be a space such rhat euery compact 
subset Cc X has cardinality ~2” (in particular, let 1x1 s 2” or (L(X) = w). Then X 
is an hsx-space if and only if X is a standard space. 
Proof. The ‘if’ part is contained in Proposition 4.3. To prove the ‘only if’ part, 
suppose that X is an hs-5space, and let X = Mu W be a decomposition such as 
described in the Decomposition Theorem. 
In order to show that this decomposition satisfies (I,), let 9’ be a a-locally finite 
regular (mod k)-network for X, and define the familiar equivalence relation - on 
X by putting: 
x - y iff there is a finite sequence x0, x,, . . . x, E X such that x E C(x,), 3), y E 
C(x,,F) and C(x,,9)nC(xj+,,9)#0 for i=O, l,..., n-l. 
As was shown in the proof of Lemma 2.4, every member E of the set of equivalence 
classes 8 of - satisfies /El s 2”. Thus, for every E E 8, there is a countable family 
{H,(E): n E w} of subsets of En W such that for every pair x, y E E n W, x # y 
there is an n E w with x E H,,(E), y& H,(E). Let us put, for every n E w, 
H,, = u {H,(E): E E $}. 
Let n E w. Since H,, c W, it follows that every closed (in X) subset of H,, is a G, 
in X. Thus, by Proposition 1.6, there is a E-cover .F,, of X-H,, for every n E w. 
By Proposition 1.1 (3) there is a regular (mod k) -network 9 for X with 9 19’ u 
U,E, SlI. 
To prove that this 9 witnesses (2,). let x, YE W, x f y be arbitrary. We shall 
’ consider two cases. 
Case 1. x-y. Then there is some H,, with x@ H,, ye H,. Thus C(x, 9)~ 
n(P,,).rcX-H,,; so ycC (x,9;), 
Case 2. x f y. Then C(x, 9) c C(x, 9’) is contained in the equivalence class of 
x. Thus y& C(x, 9). 
Since YE W-(x} was arbitrary, it follows that C(x, 9) n W ={x}. 
Now we shall turn to the proof of (2,). Let Y be an arbitrary subset of M with 
Y n W =0. Then, by Proposition 4.1, there is an F, subset T of X such that Tc Y 
and W u (Y - T) is a pre-a subspace. By Pn W =0, W is an open subset of 
W u ( Y - T). Since in hs%spaces, pre-cr subspaces are cr-spaces, and E-spaces are 
perfect, it follows that W is an F, subset in WV ( Y - T). Thus there is an F, subset 
A in X such that WcA and An(Y-T)=0. q.e.d. 
Unfortunately, as is shown by the one-point compactification of a discrete space 
of cardinality >2”, hsZ);-spaces with “big” compact subsets may fail to be standard. 
The following result, however, gives some insight into the structure of any h&space. 
Theorem 4.5. Let X be an hs.Z-space, and let X”’ denote the set of non-G& points 
in X. Then 
i;i zer;f;;bset of X”’ is an F, subset of X; 
is a standard space. 
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Proof. (a) and (b) are proved in Lemma 2.8 and Theorem 4.4, respectively. 
Remark. Theorem 4.5 may be considered as asserting that every hs%space is a 
standard space apart from a ‘small’ set X”&. That X”’ is indeed small, also is shown 
by the fact that, under V = L, a a-space with property (a) is a-discrete (cf. [4]). 
Theorem 4.6. A space X is a u-space if and only if if is a perfect h&space. 
Proof. The ‘only if’ part is trivial. 
To prove the ‘if’ part, let X be a perfect hsl’-space, and let X = Mu W be its 
decomposition such as described in the Decomposition Theorem. Let M = IJ,,, M,, 
in such a way that each M,, is closed in X We may assume that M,, c M,+, for 
every n E w. Then, by Theorem 1.9, is enough to prove that W u M,, is a a-space 
for every n E w. To see this, fix n E w arbitrarily. Then W is an open and M,, is a 
closed u subspace of Wu M,. By perfectness, W u M, is the union of countably 
many closed u subspaces, and so is a u-space. q.e.d. 
Theorem 4.7. A GO-space is metrizable if and only if it is hereditarily a Z-space. 
Proof. Again, the ‘only if’ part is trivial, so we only have to prove the ‘if’ part. So 
let X be GO-space which is a E-space hereditarily. Then it is hereditarily paracom- 
pact (see [20], p. 88), and so is an hsZ-space. By the Decomposition Theorem, X 
is the union of two u subspaces. Since a GO-space is metrizable iff it is a u-space 
([20], p. 20-21), X is the union of two metrizable subspaces. Thus X is quasi- 
developable ([6], Corollary 4.4). However, a quasi-developable GO-space has a 
u-disjoint base ([14], Theorem 5.11). Thus X has a u-disjoint base. By (Burke- 
Michael’s) Theorem 1.7 this implies that X is a u-space, and thus, a metrizable space. 
Theorem 4.8. A first countable compact space X is metrizable if and only if X is an 
h&space. 
Proof. Again, we only have to prove the ‘if’ part. To prove it, let X = M u W be 
a decomposition such as stated in the Decomposition Theorem. Let M = M, u MZ 
be a decomposition of M such that neither &f, nor Mz contains an uncountable 
compact subset. (Such a decomposition exists by Lemma 1.13.) By Proposition 4.1 
there are F, subsets T,, Tz of X such that Ti;:c Mi and Wu (Mi- Ti) are pre-a 
subspaces (i=l,2). Thus X-(T,uTz)=(Wu(M,-T,))u(Wu(Mz-Tz)) also 
is a pre-a subspace. Finally T = T, u Tz is countable and consists of G, points of 
X Therefore T is a pre-a subspace of X. Thus X = (X- T) u T is a u-space. A 
compact a-cpace, however, possesses a countable network, and thus, it is metrizable 
by an old result of Arhangel’skii. 
Proposition 4.9. Suppose that X is a Lindeliif u-space. Then X = X1 u Xz in such a 
way that neither X, nor X, contains a closed Lindeliif subset A of X with IAl = 2”. 
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Proof. Let us observe that X actually has a countable network. Therefore 1x1 s 2”, 
and X has only ~2” open (consequently, ~2” closed) subsets. Now apply Lemma 
1.12 for the family 2 of all closed Lindeliif subsets of X. 
Corollary 4.9’. (CH). Every Lindeliif a-space is the union of two disjoint subspaces, 
X1 and X2, such that neither X, nor X2 contains an uncountable closed Lindeliif 
subset of X. 
Theorem 4.10. (CH). Let X be a Lindeliif space having countable pseudocharacter. 
Then X is a u-space iff X is an hs.Sspace. 
Proof. Theorem 4.10 can be proved by repeating the argumentation of the proof 
of Theorem 4.8 writing there ‘closed Lindelof instead of ‘compact’ and referring 
to Corollary 4.9’ instead of Lemma 1.13. 
Together with Example 3.2., Theorem 4.10 gives 
Corollary 4.11. It is independent of set theory whether a Lindeltif hsSspace of 
countable pseudocharacter is a u-space. 
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